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ON A COMPACT PERTURBATION OF A COERCIVE
PROBLEM IN ACOUSTIC SCATTERING

MESSAOUD SOUILAH

We study the typical noncoercive problem of the reduced waveequa-
tion in exterior domains in Sobolev spaces. The solution of this scattering
problem of time harmonic acoustic waves by penetrable objects in the in-
finite medium is considered as a compact perturbation of the solution of
the problem in the whole space. The solution in the free spaceis obtained
by a representation formula using the kernel associated to the elementary
solution of Helmholtz equation. In spite of the relatively simple treat-
ment that it permits to apply to the problem, it doesn’t seem to have been
used in the publications treating the present problem. Thismethod can be
generalized to any non coercive problems in which intervenea Fredholm
alternative.

1. Formulation of the problem

Let Ω1 be an open bounded inRn of classC∞, i.e. its frontierΓ which is
compact is a submanifold of dimension(n− 1) and classC∞ imbedded inRn

andΩ1 is locally on one side ofΓ. Let’s recall that
Ω2 = R

n\Ω1 is an exterior domain,
k1, k2 > 0 are the constant wave numbers of the mediumsΩ1, Ω2,
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ρ1, ρ2 > 0 are the constant densities of the mediumsΩ1, Ω2.
Introduce the notations





f := (k2
1 −k2

2)u0,

ζ := (
1
ρ2

−
1
ρ1

)∂nu0,

χ :=
1
ρ

(1)

where∂nu0 = ∂u0/∂n is the normal derivative toΓ. We are then lead to findv
in C∞(Ω1)∩C∞(Ω2), solution of the problem ([3],[4],[9],[10],[11],[12])





∆v+k2
1v = − f in Ω1

∆v+k2
2v = 0 in Ω2

[v] = 0 onΓ
[χ∂nv] = ζ on Γ
∂rv− ik2v = o(r(1−n)/2); r → +∞

(2)

The last condition in (2) is the Sommerfeld radiation condition in which r =
|x|, x∈ R

n and the limit is supposed to be uniform with respect to angular vari-
ablesx/|x|. The solution of this problem cannot be inL2(Rn) (see the Rellich
lemma below), and henceforth it is not inH1(Rn). We are going to looking for
it in a bigger space :H1

loc(R
n). In order to give an adapted functional context

for the study of the above problem, we define first

H1
loc(Ω2) := {u∈ D

′(Ω2) : ϕu∈ H1(Ω2), ∀ϕ ∈ D(Rn)} (3)

then we announce the following most little general problem.

Theorem 1.1. Let f in L2(Ω1), g in H1/2(Γ) andζ in H−1/2(Γ), then the prob-
lem

(P)





Find v∈ H1(Ω1)∩H1
loc(Ω2) such that

∆v+k2
1v = − f in Ω1

∆v+k2
2v = 0 in Ω2

[v] = g onΓ
[χ∂nv] = ζ on Γ
∂rv− ik2v = o(r(1−n)/2); r → +∞

admits one and only one solution.

Begin first by establishing the uniqueness of the solution ofthe problem(P)
which will play an essential role in the following through the Rellich lemma [8].
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2. Uniqueness of the transmission problem solution

Consider the homogeneous problem associated to(P) which consists to
find v in H1

loc(R
n) satisfying the equations

∆v+k2
1v = 0 in Ω1 (4)

∆v+k2
2v = 0 in Ω2 (5)

[χ∂nv] = 0 onΓ (6)

∂rv− ik2v = o(r(1−n)/2); r → +∞ (7)

Let’s recall first that the classical results of [1] on regularity of elliptic sys-
tems givev ∈ C∞(Ω1)∩C∞(Ω2). Multiply (4) by χv and integrate onΩ1, we
obtain using Green’s formula

−

∫

Ω1

χ |∇v|2dx+

∫

Γ
(χ∂nv)|ivdΓ+k2

1

∫

Ω1

χ |v|2dx= 0. (8)

Similarly, multiply (5) by χv and integrate onΩR := Ω2 ∩B(0,R); R> 0
large enough, we obtain

−
∫

ΩR

χ |∇v|2dx−
∫

Γ
(χ∂nv)|evdΓ+k2

2

∫

SR

χ |v|2dSR+
∫

SR

χ∂rvvdSR = 0, (9)

whereSR := {x∈ R
n : |x| = R}, (χ∂nv)|i and(χ∂nv)|e are the interior and exte-

rior traces ofχ∂nv on Γ. Adding (9) and (8) we obtain

∫
Ω1

χ |∇v|2dx+
∫

ΩR
χ |∇v|2dx−k2

1

∫
Ω1

χ |v|2dx−k2
2

∫
ΩR

χ |v|2dx=
∫

SR
χ∂rv.vdSR,

then, taking the imaginary part

Im
∫

SR

χ∂rvvdSR = 0. (10)

On the other hand, sincemeas(SR) = ωnRn−1; ωn =
2πn/2

Γ(n/2)
, it comes from

condition (7)

lim
R∞

∫
SR
|∂rv− ik2v|2dSR = 0,

i.e. while using (10)

lim
R∞

(
∫

SR
|∂rv|2 +k2

2

∫
SR
|v|2dSR) = 0,
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which gives

lim
R∞

∫

SR

|v|2dSR = 0. (11)

Then we use the following fundamental Rellich lemma (see [2],[8]).

Lemma 2.1. Let u a solution of the equation∆u+ω2u = 0 in |x| > R0; ω > 0,
one has the alternative

i) Either u≡ 0 in |x| > R
ii) Or for each R1 > R0, there exists R2 > R1 and M= M(u,R1,R2,w) > 0

such that ∫

R1≤|x|≤R
|u(x)|2dx≥ MR, ∀R> R2. (12)

One puts

δ (R) =

∫

SR

|v|2dSR. (13)

According to (11), there existsR3 > R2 such that for allR> R2 one hasδ (R) <
M/2. Integratingδ (R) betweenR1 andR, one obtain with the help of (13) and
(12), after passage in polar coordinates

MR≤
∫ R

R1

δ (R)dR≤
∫ R3

R1

δ (R)dR+
M
2

(R−R3). (14)

Divide (14) byRand letR→+∞, one obtain a contradiction, which givesv= 0
in |x| > R0. By analycity ofv in Ω2, one hasv = 0 in Ω2. The homogeneous
problem is reduced to findv in H1(Ω1) satisfying

{
∆v+k2

1v = 0 in Ω1

v|Γ = ∂nv|Γ = 0
(15)

It results then from uniqueness arguments of Cauchy-Kovalevska kind thatv= 0
in R

n, which proves the uniqueness of the solution to the problem(P).

Remark 2.1. Up to now we have supposed thatk1 andk2 are strictly positive
constants. In generalk1 andk2 are complex functions satisfying some restric-
tions guaranteeing the uniqueness (see [5],[13]). In particular, in the limiting
absorption method [11],[12], one replacesk2 by k2 + iε (ε 6= 0) to get a unique
solutionuε to the corresponding problem(Pε) in H1(Rn) by coercivity and to
recover the solution of(P) as the limit ofuε in H1

loc(R
n) whenε → 0. However

if k1 andk2 are arbitrary, the uniqueness is not guaranteed (see [6]).

Remark 2.2. We can suppose in(P) that [v] = 0 onΓ.
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Indeed if[v] = g 6= 0 onΓ, we consider the following coercive interior problem
whose solution is extended outsideΩ1 by 0.





Findw∈ H1(Ω1)
∆w = 0 in Ω1

w = g on Γ
(16)

This problem admits one and only one solutionw. We will note byw̃ its
extension by 0 toRn. Let h = v− w̃, wherev is solution of the problem(P).
Thenh satisfy the problem





Find h∈ H1
loc(R

n) such that
∆h+k2

1h = − f̃ in Ω1

∆h+k2
2h = 0 in Ω2

[χ∂nh] = ζ̃ on Γ
∂rh− ik2h = o(r(1−n)/2); r → +∞

(17)

where we noted

{
f̃ := f +k2

1w̃

ζ̃ := ζ − [χ∂nw̃]
(18)

We can see that̃f ∈ L2(Ω1) andζ̃ ∈ H−1/2(Γ). This amount us to the previous
case.

3. Existence of the transmission problem solution

To prove the existence of the solution to the problem(P), we adapt the
method of [7]. It permits to amount by perturbation of the exterior problem to a
Fredholm alternative.

The choice of this method comes from the fact that in spite of the relatively
simple treatment that it permits to apply to the problem, it doesn’t seem to have
been used in the publications on this topic. The regularity of the solution is
given by the general theory on elliptic systems [1].

Following the Remark 2.2, it is sufficient to prove the existence of the solu-
tion to the following problem noted again(P)





Findv∈ H1
loc(R

n) such that
∆v+k2

1v = − f in Ω1

∆v+k2
2v = 0 in Ω2

[χ∂nv] = ζ on Γ
∂rv− ik2v = o(r(1−n)/2); r → +∞

(19)
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In order to amount to homogeneous conditions onΓ, one solves the inter-
mediate problem





Find η ∈ H1(Rn) such that
∆η −η = 0 in Ω1

∆η −η = 0 in Ω2

[χ∂nη ] = ζ on Γ

(20)

This problem is variational and coercive. It admits a standard unique solution
η ∈ H1(Rn). While puttingh := v−ϕη , wherev is solution of(P) andϕ is a
truncation function satisfying

{
η ∈C∞(Rn) with compact support
ϕ ≡ 1 in a neighborhood ofΩ1

(21)

h is then solution of the problem





Find h∈ H1
loc(R

n) such that
∆h+k2

1h = − f̃1 in Ω1

∆h+k2
2h = − f̃2 in Ω2

[χ∂nh] = 0 onΓ
∂rh− ik2h = o(r(1−n)/2); r → +∞

(22)

where
{

f̃1 := f + ∆(ϕη)+k2
1ϕη

f̃2 := ∆(ϕη)+k2
2ϕη

(23)

Knowing that∆(ϕη) = ϕ∆η + 2∇ϕ .∇η + η∆ϕ and∆η = η in Ω1 (see (20)),
we can see that̃f1 ∈ L2(Ω1) and f̃2 ∈ L2(Ω2) with bounded support contained
in the one ofϕ . So that the problem(P) amounts to

(P̃)





Find v∈ H1
loc(R

n) such that
∆v+k2

1v = − f1 in Ω1

∆v+k2
2v = − f2 in Ω2

[χ∂nv] = 0 onΓ
∂rv− ik2v = o(r(1−n)/2); r → +∞

where f1 ∈ L2(Ω1) and f2 ∈ L2(Ω2) with bounded support. Let

E := {g∈ L2(Rn) : supp g⊂ suppϕ}. (24)

For g∈ L2(Rn) we put

gm := g|Ωm
; m= 1,2. (25)
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For all g given inE, the problem





Find u∈ H1
loc(R

n) such that
∆u+k2

2u = −g in R
n

∂ru− ik2u = o(r(1−n)/2); r → +∞
(26)

admits one and only one solution given explicitly byu(x) =
∫
Rn G(x,y)g(y)dy,

whereG(x,y) is the kernel associated to the elementary solution of Helmholtz
equation giving the ”outgoing” solutions

G(x,y) :=
i
4
(

k2

2π|x−y|
)

n−2
2 H(1)

n−2
2

(k2|x−y|); x 6= y (27)

whereH(1)
t is the Hankel function of first species of indext. In the casen = 3,

the kernelG is reduced to

G(x,y) =
eik2|x−y|

4π|x−y|
; x 6= y. (28)

One looks then forw solution of the problem





Findw∈ H1(Rn) such that
∆w+ iw = 0 in Ω1

∆w+ iw = 0 in Ω2

[χ∂nw] = [χ∂nu] on Γ

(29)

Let’s note that according to (26), we have[χ∂nu] ∈ H−1/2(Γ), so that the prob-
lem (29), which is variational and coercive, admits one and only one solutionw.
In addition,w is in H2(Ω1)∩H2(Ω2).

Theorem 3.1. The problem(P) admits one and only one solution which can be
obtained by perturbation of the solution in the free space ofthe problem (26).

Proof. One looks forg in E so that

v = u−ϕw (30)

is solution of(P), u solution of the problem (26),ϕ is defined in (21) andw is
the solution of (29). We see by construction ofv that

{
[χ∂nv] = 0 onΓ
∂rv− ik2v = o(r(1−n)/2); r → +∞ (31)

v defined in (30) is therefore solution of(P) if it satisfies
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{
∆v+k2

1v = − f1 in Ω1

∆v+k2
2v = − f2 in Ω2

(32)

where f1 ∈ L2(Ω1) and f2 ∈ L2(Ω2); supp f2 ⊂ suppϕ . By an elementary cal-
culation, we obtain

{
∆v+k2

1v = −g1 +(k2
1−k2

2)u+(i −k2
1)ϕw−w∆ϕ −2∇ϕ .∇w in Ω1

∆v+k2
2v = −g2 +(i −k2

2)ϕw−w∆ϕ −2∇ϕ .∇w in Ω2
(33)

which can be written as

{
f1 = g1−R1g
f2 = g2−R2g

(34)

where the operatorsR1 andR2 are defined by

{
R1g := (k2

1−k2
2)u+(i −k2

1)ϕw−w∆ϕ −2∇ϕ .∇w in Ω1

R2g := (i −k2
2)ϕw−w∆ϕ −2∇ϕ .∇w in Ω2

(35)

While defining f ∈ L2(Rn) as in (25), the system (34) is written asf = (I −R)g,
whereR : E −→ E is the operator defined by (35). It is also written in the form

Rg := (k2
2−k2

m)u|Ωm
+TSg; m= 1,2 (36)

where the operatorsT andSare defined by

S: E −→ D
g 7−→ w,

(37)

whereD is the domain of the operator associated to the boundary value problem
(29), i.e.

D := {w∈ H1(Rn); w|Ωm
∈ H2(Ωm), m= 1,2} (38)

andT : D −→ E is a differential operator of order one whose coefficients are
C∞ and which it vanishes identically outside a neighborhood ofΩ1. R is then a
compact operator fromE to E.

One arrives thus to a Fredholm alternative. To prove the theorem, it is suffi-
cient to see that the operatorI −R is one to one. Suppose thatf = 0. According
to the uniqueness of the solution of the problem(P) one hasu = ϕw (see (30)).
Knowing thatu∈ H2

loc(R
n) and thatw ∈ H2(Ω1)∩H2(Ω2). Sinceu = w in a

neighbourhood ofΩ1, one multiply byw ∈ H2(Rn) the equations of (29) and
integrates, we get
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−

∫

Rn
|∇w|2dx+ i

∫

Rn
|w|2dx= 0. (39)

Taking the imaginary part, one has
∫
Rn |w|2dx = 0 which prove thatw = 0 in

R
n what givesRg = 0 and theng = 0 becauseg−Rg = 0. It results then from

the first case of the Fredholm’s alternative that the problem(P̃), and then the
problem(P), admits one and only one solution. In addition, we have continuity
of this solution with respect to the second members.

For the regularity of higher orders, one obtain, with the help of [1] results
on elliptic systems, the following regularity result proven for s= −1.

Theorem 3.2. For all s ≥ −1, let f in Hmax{0,s}(Ω1), g in Hs+3/2(Γ) and ζ
in Hs+1/2(Γ). Then the problem(P) admits one and only one solution v in
Hs+2(Ω1)∩Hs+2

loc (Ω2).

Conclusion. We have studied the typical noncoercive problem of the reduced
wave equation in exterior domains in Sobolev spaces. The solution in the free
space is obtained by a representation formula using the kernel associated to
the elementary solution of Helmholtz equation. The solution of this scattering
problem of time harmonic acoustic waves by penetrable objects in the infinite
medium is considered as a compact perturbation of the solution of the problem
in the whole space. Using Rellich’s lemma [8], the uniqueness of the solution for
the transmission problem is proved. To establish the existence of the solution we
have applied the Fredholm’s alternative and used the uniqueness. This method
can be generalized to any noncoercive problem in which intervene a Fredholm’s
alternative which can be formulated in the form(J+K)u = f , whereJ is a
coercif operator andK is a compact one.
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